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ON THE SEMISIMPLICITY CONJECTURE AND
GALOIS REPRESENTATIONS

LEI FU

ABSTRACT. The semisimplicity conjecture says that for any smooth projective
scheme X over a finite field Fy, the Frobenius correspondence acts semisimply
on H¥ (X rF, F,Gl), where F is an algebraic closure of Fy. Based on the
works of Deligne and Laumon, we reduce this conjecture to a problem about
the Galois representations of function fields. This reduction was also achieved
by Laumon a few years ago (unpublished).

INTRODUCTION

Let F, be a finite field of characteristic p with ¢ elements. Choose an algebraic
closure F of F;. Throughout this paper, schemes, morphisms and sheaves defined
on the base field F, are denoted by letters with subscripts 0 and we indicate the
base extension from F, to F by dropping the subscripts 0. But for convenience, the
projective line over F,, and over F are both denoted by P!, and the affine line over
F, and over F are both denoted by A'. Schemes and morphisms are separated and
of finite type.

Let Xy be a scheme over F, let Fy be a constructible Q,-sheaf on X, and let
¢t : Q; — C be an isomorphism. Recall that Fy is called puncturely -pure with
weight w if for every closed point x of X and for every eigenvalue X of the geometric
Frobenius automorphism F, on Fy, the absolute value of ¢(\) is N(z)*/2, where
N(z) is the number of elements of the residue field k(z). Also recall that giving a
lisse Q;-sheaf on a connected scheme is the same as giving a Q,-representation of
the fundamental group of the scheme. So we can talk about the irreducibility and
the semisimplicity of a lisse sheaf.

If Xy is a normal geometrically connected scheme over F, and if Fy is a punc-
turely (-pure lisse Q;-sheaf on X, then by a theorem of Deligne ([D1], 3.4.1 (iii)),
F is a semisimple sheaf on X. In [E], based on Deligne’s work, we get the following
result:

Theorem 1. Let Xy be a normal geometrically connected scheme of finite type
over Fy and let Fy be a puncturely t-pure lisse Gl—sheaf on Xo. Fix a geometric
point T in Xo. If there exists an element in the Weil group W (Xo,Z) but not in
the geometric fundamental group m (X, &) such that its action on Fz is semisimple,
then Fo is a semisimple sheaf on Xg.
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Here a linear transformation on a vector space is said to be semisimple if the
corresponding matrix is diagonalizable. In [F], the element in the Weil group but
not in the geometric fundamental group is taken to be a Frobenius automorphism.
But the proof works in the general case.

Let K be a local field with finite residue field, let W (K /K) be its Weil group
and let I be its inertia group. We say a Q,-representation Gal(K/K) — GL(V)
is F-semisimple if every element in W (K /K) — I acts semisimply on V. For more
details about this concept, see [D2] §8, or Lemma 1.1 of this paper.

Let Sy be a smooth geometrically connected curve over F, and let So be its
smooth compactification. For every closed point z in Sy, let 7, be the generic
point of the henselization of Sy at z, and let 7j,, be a geometric generic point of the
strict henselization of Sq at . Then for any lisse Q;-sheaf Fy on X, the stalk JF; is
a representation of the Galois group Gal(7j, /1, ). We say Fo is locally semzszmple if
Fy, is an F-semisimple representation of Gal(7,/n,) for every closed point z in Sp.
By Theorem 1, a puncturely ¢-pure locally semisimple lisse Q,-sheaf is semisimple.
We conjecture that a puncturely t-pure semisimple sheaf is locally semisimple. Let
Fo be a puncturely t-pure lisse Q;-sheaf on Sy. If F5, is F-semisimple for one
closed point z in Sy, then Fy is a semisimple sheaf on Sy by Theorem 1. If our
conjecture is true, then 75 is F-semisimple for every closed point y in So. Let’s
state a special case of this conjecture

Main Conjecture. Let Fy be a puncturely «-pure lisse Q;-sheaf on P! — {0, co}.
If F5_ is F-semisimple, then 7 is F-semisimple.

In the language of algebraic number theory, this conjecture says that if V is a

-pure Q-representation of Gal( (1) /Fq(t )) unramified outside 0 and oo such
that V' is an F-semisimple representation for Gal( o(($))/Fq ((%))), then V' is an

F-semisimple representation for Gal( (1) /Fq((t ))), where F,((t)) is the field

of formal Laurent series.

Recall that Langlands’ program says that semisimple Galois representations of
global fields correspond to automorphic representations, and F-semisimple Galois
representations of local fields correspond to admissible representations. On the
other hand, automorphic representations are restricted tensor products of admissi-
ble representations. So once the compatibility of local and global Langlands corre-
spondences is established, our conjecture follows.

In §1, inspired by Laumon’s proof of the Weil conjecture ([L]), we prove the
following theorem using l-adic Fourier transformations:

Theorem 2. Assume the main conjecture holds. Let Sy be a smooth geometrically
connected curve over F,, Sy the smooth compactification of So, and j : Sy —
So the open immersion. Then for any lisse locally semisimple puncturely i-pure
Q;-sheaf Fo on Sp, the geometric Frobenius correspondence F acts semisimply on
HY(S, j.F).

Corollary. Assume the main conjecture holds. Let Sy be a smooth geometically
connected curve over F,. Then for any lisse locally semisimple puncturely t-pure

Q,-sheaf Fo on So, the geometric Frobenius correspondence F acts semisimply on
Hi(S, F).
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Proof. Let Sy be the smooth compactification of Sy and j : Sy — So the open
immersion. We have a long exact sequence

0 — HYS,F) — HS,jF) — H' (S-S (Fls_s)
— HNS,F) — HS,j.F) — 0
— H2(S,F) — H2*S,j.F) — 0.

This exact sequence and Theorem 2 show immediately that F' acts semisimply on
H?(S, F) and on H2(S,F). Since Fy is locally semisimple, for any = € So— So, Fa,
is an F-semisimple representation of Gal(7, /7). Let I be the inertia subgroup of
Gal(7,/nz). Since I is a normal subgroup, .7-%]1 = (j+F)z is a semisimple represen-

tation Gal(7,/n.)/I = Gal(k(x)/k(x)). So Fy acts semisimply on (j.F)z. Let w
be the weight of Fy. By [DI] 1.8.1, the weights of F,, on (j.F)z are < w. So F acts
semisimply on H°(S — S, (j.F)g_g) with weights < w. By [D1] 3.2.3, F acts purely
on H'(S,j.F) with weight w + 1 and by Theorem 2 this action is semisimple. The
above long exact sequence then shows that F' acts semisimply on H!(S, F).

In §2, we prove the following result using Theorem 2:

Theorem 3. If the main conjecture holds, then the semisimplicity conjecture holds,
that is, for any smooth projective scheme Xy over Fg, the geometric Frobenius
correspondence F acts semisimply on H'(X, Q).

The semisimplicity conjecture is proved to be true for curves, abelian varieties,
K3 surfaces and unirational 3-folds, and it follows from the standard conjectures.
We hope that Theorem 3 will point out a new way to approach the semisimplicity
conjecture.

G. Laumon also obtained the above results a few years ago (unpublished).

Acknowledgements. The research is supported by the China Science Founda-
tion for Postdoctors, by the Scientific Research Foundation for Returned Overseas
Chinese Scholars, and by the Morningside Center of Mathematics at the Chinese
Academy of Science.

1. PROOF OF THEOREM 2

We start with some lemmas.

Lemma 1.1. Let K be a local field with finite residue field, W (K/K) its Weil
group, and I its inertia group.

(i) Let p : Gal(K/K) — GL(V) be a Q,-representation. If there exists one
element in W(K /K)—1I acting semisimply on V., then every element in W (K /K)—
I acts semisimply on V', that is, p is F-semisimple.

(ii) The representation p is semisimple if and only if p is F-semisimple and p(I)
s finite.

(iii) Let L be a finite extension of K contained in K. Then p is F-semisimple
if and only if the restriction of p to Gal(K /L) is an F-semisimple representation
of Gal(K /L).

(iv) Let po : Gal(K/L) — GL(V) be an F-semisimple representation. Then the

Gal(?/K)(po) of Gal(K /K) induced by po is F-semisimple.

representation Ind Gal(K /L)
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Proof. (i) By a theorem of Grothendieck ([ST] Appendix), there exists a nilpotent
transformation N : V(1) — V and a subgroup I; of I with finite index such that
for any o € I, we have p(c) = exp(ti(c).N), where t; : I — Z;(1) is defined by
ti(o) = (o(x/!") /71 /") for any uniformizer 7 of the local field. We may choose
I; so that it is normal in Gal(K/K). Moreover, N commutes with the action of
W(K/K) on V(1) and on V. Fix an element F' € W (K /K) with degree 1. Then
every element in W(K/K) can be uniquely written as F"c for some n € Z and
o € I. Define p' : W(K/K) — GL(V) by p/(F"o) = p(F"o)exp(—t;(c).N). One
can show that p’ is a representation. By the choice of N, the representation p’ is
trivial on I;. In particular, p'(I) = p/(I/I1) is finite.

One can show p(F"0)exp(—t;(0).N) = exp(—p.N)p(F"c)exp(p.N) for p =
;fl(f)l. Hence p/(F"0) and p(F"o) are conjugate to each other. In particular,
p(F™0o) is semisimple if and only if p'(F"0) is semisimple.

By assumption, there exist some nonzero integer ny and some oy € I such that
p(F™0p) is semisimple. Hence p'(F™0y) is also semisimple. For convenience put
g = F™ay. Let h be an arbitrary element in W (K/K) — I. We need to show
p(h) is semisimple, or equivalently, p'(h) is semisimple. Since I/I; is finite, there
exists some positive integer m such that the automorphism of I/I; induced by
o+ h~™oh™ is identity. For example we can take m = |Aut(/I1)].

Let W’ be the subgroup of W (K /K) generated by I and h. Since h does not lie
in I, the subgroup W' has finite index in W (K /K). We have an exact sequence

0—1I/I » W'/ ™ 7 -0,

where deg is defined by deg(h*o) = k for any integer k and any o € I. The image
of h™ in W'/I4 lies in the center since W'/I; is generated by I/I; and the image of
h, and the image of A™ commutes both with elements in I/I; and with the image
of h. The representation p’ : I/I; — GL(V) is semisimple since I/I; is finite.
Moreover since W’ has finite index in W(K/K), some power g" of g lies in W"'.
By assumption p’(g™) is semisimple. So by Lemma 2 in [F], the representation
p: W'/I; — GL(V) is semisimple. Since the image of h™ in W’/I; lies in the
center, p'(h™) is semisimple by Schur’s lemma. So p/(h) is semisimple. This proves
(1).

(ii) Keep the notations in the proof of (i). Suppose p is semisimple. Then the
restriction p|, of p to I; is semisimple since I; is normal in Gal(K/K). But I;
acts unipotently on V. So p|y, is trivial and N = 0. Therefore p(I) = p(I/1;) is
finite. Moreover since N = 0, we have p’ = p. In the above proof of (i), if we take
h to be an element of degree 1, then we have W’ = W (K/K). By assumption,
p: W(K/K) — GL(V) is semisimple. So the representation p' : W'/I; — GL(V)
is semisimple. Again by Schur’s lemma p’(h™) is semisimple. So p(h) is semisimple.
Therefore p is F-semisimple by (i).

Now suppose p is F-semisimple and p(I) is finite. Then the restriction p|; of p to
T is semisimple. Since I; is normal in I, the restriction p|;, to I; is also semisimple.
As above, this implies p = p’. Again we take h to be an element of degree 1 so that
W' = W(K/K). By assumption p(h) is semisimple. As in the proof of (i), we can
use Lemma 2 in [E] to deduce that p is semisimple.

(iii) follows from the definition of F-semisimplicity and (i).

(iv) Let L’ be a finite normal extension of K contained in K and containing L.
Put G = Gal(K/K), H = Gal(K/L) and H' = Gal(K/L'). Then H' ¢ H C G
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and H' is normal in G. We have an epimorphism

Q@ |@qmV — Q@ | ®q,m V
gV = g

of Q;[G]-modules, that is, Ind$ (V) is a quotient of Ind§, Rest’ (V). So it is enough
to prove Indg/Resg’(V) is F-semisimple. By (iii), Resg'(V) is F-semisimple. So
replacing L by L', we are reduced to proving (iv) with the additional assumption
that L/K is normal.

Again let G = Gal(K/K) and H = Gal(K/L). Now H is normal in G. Let
g1H, ..., grH be all the distinct elements in G/H and let {v1,...,v;} be a basis
for V. Then g; ® vj, (i = 1,... ,k; j =1,...,1) form a basis for Q;[G] ®q, ) V-
Let h € H be an element in the Weil group of L but not in the inertia group. Since
H is normal in G, we have h(g; @v;) = gi®g;1hgi(vj). But gi_lhgi acts semisimply
on V since V is F-semisimple. So h acts semisimply on Q,;[G] @q,H] V. Note that
h is also an element in the Weil group of K but not in the inertia group. So by (i),
Q,[G] ®q,m) V 1s F-semisimple.

Lemma 1.2. Let Sy be a smooth connected curve over F, and let Fy be a lisse
puncturely -pure Q,-sheaf on Sp.

(i) Let ug : S) — So be a finite dominant morphism from a smooth connected
curve Sg to So, let Sg be the smooth compactification of S|, and let j : S{ — §g be
the open immersion. If Fy is locally semisimple, then for any closed point x in ?3,
the Frobenius automorphism Fy acts semisimply on the stalk (j.uyFo)z-

(i) Conversely, let S, be a smooth connected curve and ug : Sy, — So a finite
dominant morphism. For every closed point x in Eg, let n, be the generic point of
the henselization of Eg at © and let 7, be a geometric generic point of the strict
henselization of Eg at z. If for every closed point x in Eg, the inertia subgroup of
Gal(7,, /1) acts unipotently on (u5Fo)y, , and the Frobenius automorphism I, acts
semisimply on (j.uiFo)z, then Fy is locally semisimple.

Proof. (1) By Lemma 1.1 (iii), u§Fo is locally semisimple. Replacing Sy by S, we
are reduced to the case S) = Sp.

Let I be the inertia group of Gal(7,, /7). Choose an element F' € Gal(7, /7, ) lift-
ing F, € Gal(k(z)/k(z)). By the definition of local semisimplicity, F’ acts semisim-
ply on F5 . In particular, it acts semisimply on fﬁlm, that is, F, acts semisimply
on (4.F0)z-

(ii) The proof is similar to [D1] 1.8.4. Let V' = (ugFo)s, . Since the inertia group
I at x acts unipotently on V', there exists a nilpotent transformatlon N:V(1)—-V
such that any element o in I acts on V' by the formula exp(#;(c).N). We then have
(JsuiFo)z = ker(N). By assumption F acts semisimply on ker(N). So by [DI]
1.6.14, F, acts semisimply on Grfw (V), where M is the local monodromy filtration
for V. Choose an element F € Gal(7,/n.) lifting F, € Gal(k(z)/k(z)). Then F
acts semisimply on each GrM (V). Let w be the weight of Fy. By [D1] 1.8.4, the
weight of Gr) (V) is w 4+ 4. So F acts semisimply on V. Hence by Lemma 1.1 (i),
ugFo is locally semisimple, and by Lemma 1.1 (iii), Fo is semisimple.

Lemma 1.3. We use the same notations as in [L] except that we use FT to denote
Fourier transformations. Let T and T’ be the spectra of henselian discrete valuation
rings with finite residue field ¥y, let n and n' be their generic points, and let p :
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Gal(f/n) — GL(V) be a Q,-representation. Denote all the three local Fourier
transformations FT©>)(V), FT(9) (V) and FT©>>V(V) by FT(V). If V is
F-semisimple, and if the weights of FT(V) are integers (cf. |DI] 1.7.4), then
FT(V) is F-semisimple.

Proof. First we prove that if V' has finite local monodromy, that is, if the image
of the inertia group p(I) is finite, then F'T(V) has finite local monodromy. Note
that T = T ®p, F and T’ = T" ®r, F are the strict henselizations of T' and T”,

respectively. Denote the three local Fourier transformations on T and T by FT.
Since local Fourier transformations commute with base extension F;, — F, the
restriction of the representation FT(V) to the inertia group I’ of Gal(7'/n’) is
]?T(V) If V has finite local monodromy, then its restriction to the inertia group
I is a semisimple representation. So ﬁ(V) is semisimple, that is, the restriction
of FT(V) to the inertia group I’ is a semisimple representation. (Recall that by
the inversion formula for local Fourier transformations ([L] 2.4.3), FT transforms a
semisimple representation into a semisimple representation.) But the restriction of
FT(V) to I' is quasi-unipotent. So the local monodromy of FT'(V') must be finite.

By the inversion formula for local Fourier transformations, if the local mon-
odromy of FT'(V) is finite, then the local monodromy of V' is also finite.

Now assume V is F-semisimple and let M’ be the weight filtration of FT'(V).
Since local Fourier transformations are exact and faithful ([L] 2.4.3), we have a
filtration M = FT-Y(M’) on V and FT(GrM(V)) = Gt FT(V). By [D1]
1.7.5, we have NM/(1) C M/_,, where N is defined as in the proof of Lemma
1.1 (i). Hence N acts trivially on GrzM/FT(V). So the local monodromy of
FT(GrM (V) = Grf‘/['FT(V) is finite. By what we proved above, the local mon-
odromy of Gr (V) is also finite. Since V is F-semisimple, Gr} (V) is also F-
semisimple. By Lemma 1.1 (i), Gr}/ (V') is semisimple. So FT(Gr (V)) is semisim-
ple, that is, GrfWFT(V) is semisimple. By Lemma 1.1 (ii), every element in the
Weil group W (7' /') but not in the inertia group I’ acts semisimply on Gr’ 'F T(V).
But the weights of Grf‘/[’FT(V) are distinct for different ¢ (cf. [DI] 1.7.5.) So every
element in W (7' /1) — I’ acts semisimply on FT(V) and FT'(V) is F-semisimple.

We also need the following lemma of Katz ([K| Lemma 16).

Lemma 1.4. Let Sy be a smooth geometrically connected curve over Fy. Then
there exists a monempty open subset Uy of Sy such that there exists a finite étale
morphism fo : Up — A, where Al is the affine line over F.

Now we are ready to prove Theorem 2. We may assume the weight of Fy is an
integer by twisiting. By Theorem 1, the locally semisimple sheaf Fy is semisim-
ple, that is, Fz is a semisimple representation of 7 (S, Z), where x is any closed
point of Sy. Since 71 (.5, Z) is a normal subgroup of 71 (S, Z), f;l(s’f) is a semisim-
ple representation of w1 (So,z)/m1(S,z) = Gal(F/F,). So F acts semisimply on
HO(S,j.F) = 7757 By [SGA4] XVIII 3.2.5 and [SGA41] Dualité, 1.3, we have
a perfect paring between H2(S, j..F) and Ho(g,j*f(l)). So F' acts semisimply on
H?(S,j.F). It remains to show F acts semisimply on H'(S, F).

By Lemma 1.4, we may choose an open subset Uy so that there exists a finite
étale morphism fy : Uy — A'. Obviously Foy|y, is locally semisimple and t-pure.
Since Fy is lisse on Sy, we have Fo = l.(Foly,), where | : Uy — Sp is the open
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immersion. So replacing Sy by Uy, it is enough to prove Theorem 2 with the
additional assumption that there is a finite étale morphism fy : So — A!. Let
fo : So — P! be the extension of fo. It is a finite morphism.

We have

H'(S,j.F) = H'(P', . F) = H' (P, j. f.F),

where we denote the open immersion A — P! also by j. So we need to show F
acts semisimply on H! (P!, j,f.F). Since fy is finite and étale, fo.Fy is lisse. By
Lemma 1.1 (iv), the sheaf fy.Fp is locally semisimple, and by [D1] 1.2.5 (i), it is
t-pure. So replacing Sp by A' and Fy by fo.Fo, we are reduced to proving Theorem
2 with the additional assumption that Sy = Al

Let G = A — {0}. As we have shown above, it is enough to prove F acts
semisimply on H*(P!, k.(F|g,.)), where k : Gy, — P! is the open immersion.
Note that Foy|a,, is unramified at 0. Making a coordinate change x +— 1/x, we are
reduced to proving Theorem 2 with the additional assumption that Sy = Gy, and
Fo is unramified at oo.

Let £ : Gy — P! and j : G, — A! be the open immersions. Obviously
(k+«Fo)|ar = j«Fo. We have an exact sequence

HYA' j.F) — H' (P k.F) =0

since HY (P! — A, (k. F)|pi_a1) = 0. To prove F acts semisimply on H'(P*, k., F),
it suffices to prove F acts semisimply on H} (A, j.F).

Let’s summarize what we get. We have a sheaf Fy on Gy,. It is lisse, locally
semisimple, t-pure with integer weight, and unramified at co. We need to show F
acts semisimply on H} (A1, j,F). We prove this using [-adic Fourier transformations
and local Fourier transformations.

We use the same notations as in [L] except that we use F'T to denote the Fourier
transformation. Since Fy is necessarily semisimple, we may assume Fy is irre-
ducible. By [I] 1.4.2.1 and 2.3.1.3 (i), we have

FT(j.Fo[1]) = jiFo[1],

where j' : A — {0’} — A is the open immersion, Al is the dual of A! and 0’ is
the origin of A", and F{ is some irreducible lisse Q;-sheaf on A" — {0'}. We have
a distinguished triangle in the derived category of Q;-sheaves

JxFo/31Fo — i1Fo[l] — juFoll] — .
It induces the distinguished triangle
FT(j.Fo/51Fo) — FT(hFo[l]) — FT(j.Fo[l]) — .

But FT(j.Fo[l]) = jL.F4[1], and by [0 1.2.2.2 and 1.2.2.1, we have FT(j.Fo/51Fo)
= V1], where V' is the inverse image of the sheaf (j.Fo)[{0) on {0} = specF, under
the structure morphism A' — specF,. So we have a distinguished triangle

V] = FT(jFo[1]) — jiFoll] — .

Taking the cohomology groups of the complexes in this last triangle, we get the
exact sequence

0=V —HFT(HFo[1]) — jiFy — 0
and H(FT(j1Fo[1])) = 0 for i # —1.
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By [L] 2.3.3.1 (iii), we have

(H_l(FT(jlfo[l]ﬁ) = FT)(Fy,) @ FT (Fy ).
Moo’
By our assumption, Fy is unramified at oo, so FT(‘X”‘X’/)(}%DC) = 0. Therefore,
(nrETGARm)) =P,
Moo’

So the above exact sequence induces the following one:
0=V — FTO=VY(F ) - F  —0.

Let w be the weight of Fy. By assumption, it is an integer. By [L] 4.4, F{ is
t-pure of (integer) weight w + 1. By [D1] 1.8.4, the weights of V' = (j..F)[{0) and of
7 ,
integers. By assumption Fy, is F-semisimple. So by Lemma 1.3, FT(>)(F, )
is F-semisimple. By the last exact sequence, % , is F-semisimple. By the main
conjecture, 77,

are integers. So by the last exact sequence, the weights of F’ T(O"X")(}'ﬁo) are

/

, is F-semisimple. By Lemma 1.2 ﬁ), F acts semisimply on (j.F")g.
But (j1F")g = (FT(j.F))g = H} (A, j.F). So F acts semisimply on H! (A, j. F).
This proves our assertion.

2. PROOF OF THEOREM 3

We prove Theorem 3 by induction on the dimension of the scheme. Assume the
semisimplicity conjecture holds for schemes with dimension less than or equal to n.
Let X be a smooth projective scheme over F,; of dimension n + 1. Embed X into
a projective space P and sweep X by a Lefschetz pencil of hyperplanes {H;}iep,
where D is a projective line in the dual P of P. Let X = {(z,t) € X x D|z € H;}
be the blowing-up of X along the intersection of X with the axis of the pencil, let
f: X — D be the canonical projection, and let S C D be the set of critical values
of f. Making a base extension if necessary, we may assume the pencil and f are
defined over F,; and S consists of F,-rational points. Let fy : Xo — Dy be the
canonical projection and let ig : S — Dg and jo : Dy — S — Dy be the immersions.
These morphisms are all defined over F,.

We know H*(X,Q,) is a subspace of Hz()?,ﬁl) as Gal(F/F,)-modules ([SGAT|
XVIII 4.2). So to prove the geometric Frobenius correspondence F' acts semisimply
on H'(X,Q,), it suffices to show F acts semisimply on Hz()?,ﬁl)

The following result follows directly from the Picard-Lefschetz formula ([SGAT|
XV 3.4):

Proposition 2.1. Notation as above.

(i) If the vanishing cycles are not zero, then for i # n, R'f0.Q, is a lisse sheaf
on Dy, jiR" f0.Q, is a lisse sheaf on Dy — S and R™ f0.Q, = joxji R" f0 Q-

(i) If the vanishing cycles are zero, then n is necessarily odd, and fori # n+1,
R f0.Q, and jo.js R™" ! f0.Q, are lisse sheaves on Dy and we have an exact sequence

0— Z‘O*Gl(Tn - n) - RnJrlfO*Gl - jO*jSRnJrlfO*Gl — 0,

where m is defined by n = 2m + 1.
(Note that since vanishing cycles are conjugate under the action of w1 (D — S),
if one vanishing cycle is zero, then all vanishing cycles are zero.)
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To go on, we have to use the language of perverse sheaves. We use the same
notation as in [BBD]. For example, ? R f0.Q, is the i-th perverse cohomology sheaf
of Rfo.Q, in the derived category D%(Dy, Q,) of Q,-sheaves on Dy.

Lemma 2.2. (i) If the vanishing cycles are not zero, then
PR fo-Q; = R fo. Qu[1]

for all i.
(i) If the vanishing cycles are zero, then n is necessarily odd, and for i # n +
1,n+ 2, we have

pRifO*Gl = Ri_lfO*Gl[l]a
and
PRV f0.Qp = R fo. Q1] @ i0.Qy(m — n),
pRnJerO*Ql = jO*jE)kRnJrlfO*Ql[]-]v
where m is defined by n = 2m + 1.
Proof. We give the proof of (ii). The proof of (i) is similar and is left to the reader.
Denote by 7>;K the truncation of a complex K with respect to the standard

t-structure on DY(Do, Q;). Since R'fy.Q, vanishes for i ¢ [0,2n], we have the
following distinguished triangles:

R fo.Q-(2n—1)] — 70, aRf0.Q — R™f0.Q[-2n] —,
R™ 2, Q-2n-2)] — 752,2Rf0:Q, — T>2—1Rf0:Q, —,

R o, Q[ (n+1)]

1 = TnnRf,Q = TenpeRAQ -
RnfO*Ql[_n] - TZanO*Ql - 72n+1Rf0*Ql -,
R fo.Q[-1] -  m1Rf0.Q,  —  72Rf0.Q -,

R° f0.Q, — Rfo0.Q, —  T>1Rf0.Q — .

By Proposition 2.1 (ii), for i # n + 1, R f5.Q,[1] is perverse, and R"*!f,.Q, lies
in pDLO’l] (Do, Q,). The above list of distinguished triangles then shows that

R* fo.Q;[-2n] e PD=2"tlnppsntl,
R™ £, Q;[-(2n—1)] € PD22"NPD<2" 155, 1Rf0.Q,
R 2 fo.Q[~(2n — 2)] € PDZ2"" 1N PD=2 L oo, 5 Rfo.Q,

2n,2n+1
p p2n.2n+1]

m

2n—1,2n+1
ppRn—12n+1]

m

Rn+2f0*6;[

—(n+2)] € PDErT3APDSnHS o Rf,Q, € PDIE32n+1]

R fo.Ql-(n+1)] € DL n L RfLQ € PP,

RnfO*Ql[_n] c pp2ntlny pD§n+1’ 7_>an0*6[ c pD[n+1,2n+1]7
leO*Qi_]-] S pDZQ ﬂpDSQ, TlefO_*al (= pD[2,2n+1]7
ROfo*Ql € pp=1 mppﬁl’ Rf0.Q, e pplL2ntl]

These facts and the list of triangles show that PR’ f5.Q, = R"™! f5.Q,[1] for i < n
and 7>, Rf0«Q; = PT>n+1Rf0+Q;, where P75 is the truncation with repect to the
perverse t-structure.
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From the long exact sequence of perverse cohomology sheaves for the distin-
guished triangle

R" fo.Q[-n] = T>n Rf0:Qy — T>n+1Rf0:Qy —,
we get the following short exact sequence of perverse sheaves:
0 — R"fo.Q[1] = PR"™ f0.Q; — PH" 7> 1 Rf0.Qy — 0,

where PH? denote the i-th pervese cohomology sheaf of a complex. From the long
exact sequence of perverse cohomology sheaves for the distinguished triangle

R f0,Qi[~(n 4+ 1)] = Ton41Rf0:Q; = Tony2Rf0:Q; —,
we get the following exact sequence of perverse sheaves:
0 — PH"RY™ fo,Q[~(n+1)] = PH" 75,11 Rfo-Q — 0.
By the short exact sequence in Proposition 2.1 (ii), we have
PHYR™ fo. Qu[=(n + 1)] = i0.Qy(m — n).
So we have the following short exact sequence of perverse sheaves:
0 — R" f0. Q1] = PR"*! f0.Q; — i0.Q;(m —n) — 0.

This exact sequence corresponds to an element in Hom (io.Q,(m —n), R" f0.Q,[2]).
We have

Hom(io.Qy(m =), B"f0.Q2) = Hom(Qy(m =), RiYR" 6. Qy[2)
= Hom(Qy(m —n),igR" fo.Q;(—1)),
where the second equality follows from the purity _(Which can be easily deduced
from [SGA4] XVIII 3.2.5) and the fact that R"f5.Q, is lisse. Note that the lisse
sheaf R" fp.Q; on Dy is geometrically constant since Dy, being the projective line,
has trivial geometric fundamental group. So R"fy.Q; is the inverse image of a
sheaf on specF;. Combining this fact with Deligne’s theorem applied to the fiber of
R" f0.Q, at points in Dy — S, we see that R™ f0.Q, is puncﬂlrely pure of weight n.
So igR" f0.Q;(—1) is puncturely pure of weight n+2. But Q;(m — n) is puncturely
pure of weight 2(n —m) =n+ 1. So Hom(Q;(m —n),iiR" f0.Q;(—1)) = 0 and
hence Hom(ig.Q,(m — n), R" f0.Q,[2]) = 0. Therefore the exact sequence
0— R"fo»ﬁz[l] - pRn-HfO*Ql - Z‘O*QI(WL -n)—0

splits and hence PR" ! £,.Q; = R" f0.Q,[1] ® i0.Q;(m — n).
From the long exact sequence of perverse cohomology sheaves associated to the
distinguished triangle

R fo.Qu[=(n +1)] = Tont1 Rfor Qp — T>n+2Rf0.Q; —
and the fact that 7>, 2Rf0.Q; € PDI" 3271 we get
PHUZR™ 0. Q= (n+ 1)) = PH" 15011 Rf0. Q.

From the long exact sequence of perverse cohomology sheaves associated to the
distinguished triangle

RnfO*Gl[_n] - TZanO*Gl - 72n+1Rf0*61 -
and the fact that R" fp.Q;[—n] € PDZ"t1 NP D=1 we get
pHn+2TZn+1RfO*61 — pHnJrQTZanO*Gl-
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Similarly,
PH" 275 Rf0uQ; = PH" 275 1 Rf0.Q; = - - = PH" 2151 R £, Q,
_ pHnJrQRfO*Gl-

So
pRn+2f0*Gl = pHTH_QRfO*Gl = pHn+2Rn+1f0*6[[_(n + 1)]
By the exact sequence in Proposition 2.1 (ii), we have
PHUPER™ fo, Qul=(n + D] = Gowjg R™ fo. Q1]
So
PR f0.Qp = joxjo B f0.Q[1].
Using a similar method, one can show that PR’ f5.Q, = R*~! f50.Q,[1] for i > n+3.

Lemma 2.3. Under the induction hypothesis,
(i) if the vanishing cycles are not zero, then for i # n, R f5.Q, is a lisse locally
semisimple sheaf on Dy and 3 R™ fo.Q, is a lisse locally semisimple sheaf on Do—S;
(i) if the vanishing cycles are zero, then fori # n+1, R'f0.Q, is a lisse locally
semisimple sheaf on Do and jiR" 1 f0.Q, is a lisse locally semisimple sheaf on
Dy —S.

Proof. (i) By Proposition 2.1 (i), for i # n, R'f5.Q, is a lisse sheaf on Dy. Since
the geometric fundamental group of Dy is trivial, R fo.Q, is geometrically constant
and hence is the inverse image of a sheaf on specF,. So to prove R’ fo.Q, is locally
semisimple, it suffices to find one closed point s in Dy such that F acts semisimply
on (R f0.Q,)s = H (X5, Q;). We can take s to be a point in Dy — S and apply the
induction hypothesis.

Next we prove jiR"f0.Q, is locally semisimple. Let s be a closed point of
Dy. If s € Dy — S, then F, acts semisimply on (jiR"f0.Q;)s = H”()?g,ﬁl)
by the induction hypothesis. Assume s € S. Let 1y be the generic point of the
henselization of Dy at s, and let 7, be a geometric generic point of the strict
henselization of Dy at 5. We need to show (jiR"f0.Q;)7, = H"(X'm,al) is an
F-semisimple representation of Gal(7,/ns).

Define m by n = 2m + 1 if n is odd and by n = 2m if n is even. Let §; €
H"(f(ﬁ ,Q,(m)) be the vanishing cycle corresponding to the critical point s. Then
(85,05) = 0 if n is odd and (J,,8,) = (—1)™2 if n is even, where ( , ) is the
Poincaré pairing on H"(X'm,ﬁl). Since 65 # 0, by [SGAT] XV 3.4, we have an
exact sequence

~ _ ~ = (6) —
OHHn(Xgan)—’Hn(Xman)(—’)Qz(m—n)—’o-

By Lemma 2.4 below, F, acts semisimply on H”()Z'g,ﬁl) and with weights < n
by Deligne’s theorem. On the other hand, Fs acts semisimply on Q,;(m — n) with
weight 2(n —m). When n is odd, we have n < 2(n —m). So any F' € Gal(7j,/7ns)
lifting Fy € Gal(k(s)/k(s)) acts semisimply on H™ ()A(:m,ﬁl). This proves the F-
semisimplicity in the case when n is odd.

When n is even, we have (d5,05) = (—1)™2. The above exact sequence then
shows that H”(fﬁs,ﬁl(m)) is spanned by &, and H™(X5, Q,(m)). By the con-
struction of the vanishing cycles (cf. [SGAT] XV 2.2), there exists a finite extension
K of k(ns) contained in k(7,) such that d, can be defined over K and hence is



4368 LEI FU

invariant under the action of Gal(k(7,)/K). Let F be an element in the Weil group
W (k(7,)/K) but not in the inertia group. Then 5 is invariant under the action
of F. On the other hand, H"(X5,Q;(m)) is an invariant subspace of the action
of F' on H”()A(:m,ﬁl (m)) and Lemma 2.4 shows that F' acts semisimply on this
invariant subspace. So F acts semisimply on H "(fﬁs,al(m)). This proves the
F-semisimplicity in the case when n is even.

(ii) Note that R'fp.Q, (i # n + 1) are geometrically constant sheaves on Dy
by Proposition 2.1 (ii) and hence are inverse images of sheaves on specF,. Their
F-semisimplicity follows from the induction hypothesis.

By [SGAT7] XV 3.4, we have an exact sequence

H"“()?g,ﬁz) - H”“(ffm,ﬁz) — 0.

By the induction hypothesis and Lemma 2.4, F acts semisimply on H”“()?g, Q).
So Fy acts semisimply on H""! (X5 , Q). Hence jiR"™! fo.Q, is F-semisimple.

Lemma 2.4. Let Yy be a projective scheme over ¥, of dimension n with only
one singular point which is an ordinary double point and Fg-rational. Under the
induction hypothesis, F acts semisimply on H'(Yy, Q).

Proof. Let y be the unique singular point of Yp, let Yo be the blowing-up of Y at
y and let p : Yy — Yp be the cannical projection. By direct computation, one can
show Yy and p~1(y) are smooth. By the induction hypothesis, F' acts semisimply
on Hz(f/,ﬁl) and on H"1(p~1(y),Q,), where 7 is the point in Y above y. By
Deligne’s theorem, the weight of F on H (Y, Q;) and on H''(p~1(y),Q,) are i
and ¢ — 1, respectively. Moreover, we have an exact sequence

H™ (p ' (@), Q) — H(Y —p'(9), Q) — H'(Y, Q).
So F acts semisimply on Hg(f’ —p~Y(%)). Since Yo — pl(y) = Yy — vy, F acts
semisimply on Hi(Y — 4,Q,). Since H'(7,Q,) = 0 for i > 1, we have an exact
sequence
HCI(Y - gval) - Hl(yval) —0
and H(Y,Q,) = H{(Y —4,Q,) for i > 2. So F acts semisimply on H'(Y,Q,) for
i > 1. Also F acts semisimply on H°(Y,Q,) = @wo(Y) Q.

Now let’s finish the proof of Theorem 3. Since Q;[n + 1] is a pure perverse
sheaf on X, by the Hard Lefschetz Theorem in [BBD] 5.4.10, the first Chern class
I € H2(X,,Q,(1)) of the relative ample invertible sheaf for the projective morphism
fo: )?0 — Dy induces an isomorphism

I PR™ fou(Quln + 1)) — PR fo (Q[n + 1])(4)
for all ¢ > 0. So by [D3] 0.3, we have an isomorphism
Rfor(Qn +1]) = PR for (Qln + 1])[ ]
and hence

R = @ R fo. Q.

7



THE SEMI-SIMPLICITY CONJECTURE AND GALOIS REPRESENTATIONS 4369

So

H/(X,Q) = H/(D,RLQ)

= P H (DR fo. Q1)
~ p H“(D,”R"f0.Q)

utv=j
as Gal(F/F q)-modules. By Lemma 2.2, Lemma 2.3 and Theorem 2, F’ acts semisim-
ply on each H*(D,PR" f.Q,). So F acts semisimply on H’(X,Q,). This completes
the proof of Theorem 3.
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